A new model of electronic confinement in atoms and molecules is presented. This is based on the electronic flux J which is assumed to vanish on some notional bounding surface of arbitrary shape. J is necessarily calculated using an approximate wave-function, whose parameters are chosen to satisfy the required surface conditions. This model embraces the results of all previous calculations for which the wave-functions or their derivatives vanish on conveniently-shaped surfaces, but now extends the theory to more general surfaces. Examples include one-centre hydrogen-like atoms, the valence state of Li and the two centre molecular systems H + 2 and HeH ++ .
Introduction
Much of the recent work on solutions of the non-relativistic Schrödinger equation has focussed on confined atomic and molecular systems .This stems from the realisation that physical systems are not of infinite extent. A representative set of papers can be found in [1 ] and an additional selection in references [2] [3] [4] [5] [6] [7] [8] [9] [10] .
We begin by recalling that almost all previous treatments have specified neither the nature or the source of confinement,but have simply assumed that the state function ψ vanishes everywhere on the confining surface. A more realistic model can be suggested; this is based on the electronic charge flux J over some arbitrary-shaped enclosing surface S, and is defined by
where n denotes the unique outward unit normal at each point of the bounding surface. Any valid approximate ψ will naturally be a function of a set of embedded parameters a,b,c...: ψ = ψ(a, b, c..|x, y, z..)
making J a function of the same set of parameters. We now propose to choose these so that J = 0.
In the illustrative calculations presented here we may choose ψ real and we note that in the particular case of a H-like atom inside a spherical box of radius R, there are two elementary solutions:
1. ψ = 0 everywhere on S, and 2. ∂ψ ∂n = 0 everywhere on S.
This follows since n =r, the radial unit vector and the solution separates in the form ψ = f (r)Y (θ, φ) so that
The integral is positive so that J = 0 implies that f = 0 or df dr = 0 at r = R.
We have previously derived [4, 5] the (unnormalised) ground state radial solution of a H-like atom of nuclear charge Z: ψ = (2 − Zr)exp(−Zr/2), 0 < r < R = 2 Z
which vanishes on the boundary r = R. Note however that it is not zero for larger values of r and forms an excited state for the unconfined system. For the confined system, it has usually been assumed that the traditional unconfined problem is modified by retaining the usual Coulomb potential −Z/r, only in the range 0 < r < R and changing this in r ≥ R to a potential which is infinite in a bounding region so that the solution is everywhere zero on the surface. Essentially the model describes the effect of the confining potential, which is assumed to act in r > R, rather than describing the form of the potential beyond the bounding surface. An example of the second type of solution may be illustrated by considering the derivative of the wave function in Eq. (4) which is proportional to
so that it vanishes at r = 4/Z and consequently we may regard ψ of Eq. (4) as the wave function for a confined system in 0 < r < R = 4/Z. Note that since ψ has a zero at r = 2/Z then it is not the ground state solution confined in this interval. The external potential required to confine the atom in this way is different from the infinite potential at r = R. One earlier model has been considered by Wigner and Seitz [9] ,in which the potential arises from other atoms or molecules in a surrounding spherical lattice. ( see also the calculations by Aquino [10] ).
Our model of confinement , using the flux J, is a natural generalisation of earlier models and can be applied to an arbitrary surface enclosing the atom or molecule considered. A special case of our model is when the wavefunction is zero on a spherical surface and consequently J is zero. To achieve this confinement the applied field must be spherically symmetric and infinite on the surface. Using our generalisations both of these restrictions may be removed and we may apply the theory to model a wider set of physically confining fields. Changing the shape of the field enables us to treat systems that approach one-dimensional models and our theory also encompasses as a special case the models of atoms embedded in a lattice with different kinds of fields [9, 10] where the derivative of the wavefunction is zero. We make the same assumptions as the usual models at the bounding surface, namely that it is the effect of the outer potential that is modelled and we simply require J = 0 on the surface in order to confine the system. In the following section, we present analogous results for H-like atoms for the special case of ellipsoidal confining surfaces.
Theory and Calculations

A Simple Example
Here we consider an ellipsoid so that the the vector describing points on the surface, r , is defined by
where a, b > 0, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π. We construct
where e θ is a unit vector and
Similarly
with
The unit vectors obtained may be used to construct the normal to the surface
With these definitions we may calculate J using
A simple example is that of a hydrogen atom in a S-state, situated at the centre of the ellipsoid. Since the potential is unchanged within the ellipsoid the form of the solution is unchanged and may be written in terms of the KummerM function:
The difference between this function and the unconfined solution is simply that the energy has been changed by the confinement, so that it is parameterised by α which may be chosen to describe the confinement. Here we have
so that now J is a function of α and is given by
Note that the wave function is independent of φ so that the integration over φ has been carried out analytically.
In the case a = b = 2 we have spherical confinement in a sphere of radius 2. The lowest energy state is obtained where J(1.2880269) = 0 and reproduces the result given by Aquino [10] and is the special case where the derivative of the wavefunction vanishes. For the second state we obtain α = 0.5 so that J(0.5) = 0 and recover the solution given by Eq(4). This is a consequence of the fact that ψ = 0 and the charge density is identically zero on the surface. It is important to note that even though the surface is the same for these solutions they represent different models with different confining fields and the corresponding wavefunctions are both nodeless. Similarly for the case a = b = 4 we also have J(0.5) = 0 and we also recover the solution in Eq(4), but this now corresponds to the derivative of the wavefunction being identically zero on the surface.Note that for a non-spherical bounding surface, zeroing the flux on the surface does not necessarily imply that the wavefunction or its normal derivative is zero everywhere on the surface. In tables 1-4 we give the negative energies of the confined states of H-like atoms with unit nuclear charge for specified values of a and b obtained by zeroing the flux over the surface. These calculations can be extended in two ways. We can consider other states and in Table 3 below we give some results using P symmetric functions and this is achieved simply by changing the form of the wave function in Eq. (13) to
We can also extend the calculations by changing the position of the atom within the ellipsoid.Here we fix the atom at the origin of the coordinates but change the centre of the ellipsoid so that the points are described by
In Table 4 we compare the results for a = 5, b = 10 in the case where the atom is at the centre of the ellipsoid with the results where the origin, and hence the atom is at the focus of the ellipsoid so that 
Confinement of valence orbitals
The above treatment can be extended to larger atomic systems by approximating Schrödinger's equation for the outermost electron:
in a region r > R a for which
We assume that the region r ≤ R a , which we describe as the core region, is not affected by the mechanism of confinement . For unconfined systems E is taken to be the ionisation energy of the atom and since the core is not affected by the confinement we may take this value universally. We consider only confining surfaces far from the atom so that the form of the wave function may be taken to be a solution of
where Y lm (θ, φ) is a spherical harmonic function. This leads to a Kummer equation for f (r) with two independent solutions. The general solution may be written as
In the case of unconfined systems we require ψ to vanish as r → ∞ and since the Kummer M function is unbounded we need to choose c = 0.This corresponds to the usual model of an isolated atom where no other atoms, molecules or fields are considered and the atom is treated as an independent entity. A modification of this model which still treats the atom as an independent entity would be to confine within a surface but of course since we are using the asymptotic form of the wavefunction the confining surface must be in a region where r > R a for consistency. If we consider such a confined system then we need to choose c so that the flux is zero on the surface. Writing
and
we have
If the surface is a sphere r = R b then terms in r may be taken out of the integral and the flux is zero at the two values of c where
leading to two different states degenerate in energy. For a more general surface the expression for the flux in Eq. (25) may be written in the form
If l+1−1/α is not a non-positive integer, the Kummer M function is asymptotic to exp(2αr) as r → ∞ so that, for sufficiently large R a ,the charge density (ψ 1 ) 2 is increasing . A similar, asymptotic argument leads to (ψ 2 ) 2 decreasing with r. We may deduce that J 0 > 0 and J 3 < 0. (In the case of a sphere the outer normal is simplyr and more generally the outer normal is in a direction where r increases.) Thus by choosing c sufficiently large and positive J > 0 and similarly by choosing c sufficiently small J < 0. It therefore follows that there are two real values of c for which J = 0 for all bounded surfaces sufficiently far from the atomic centre. In table 5 we consider Li with l = 0( the ionisation energy is taken to be E = −1.98174a.u. ) and the values of c are calculated for various values of the parameters a, b of an ellipsoid described in section 2. For the fixed value a = 5 we see that the two values of c obtained both approach zero as b increases. In the final entry in the table we see that for a large spherical surface the two values of c are very small and we essentially obtain the usual KummerU function for the asymptotic behaviour at infinity.
Two-centre problems
Here we consider examples of diatomic molecules and ions for example H + 2 and HeH ++ .Previously we have treated such systems confined within an ellipsoidal region of the same shape as unconfined molecule [8] ( See also Cruz et al who treat these systems [7] ).. Here we examine confinement inside a sphere of radius r 0 measured from an origin at the mid point of the interatomic line .The wave functions for the molecular systems are conveniently expressed in spheroidal coordinates p, q, φ [11] ,and the points on the sphere may be written in terms of these coordinates in the form
We can also express these points in terms of spherical coordinates:
which are appropriate for integration on the spherical surface. Thus we need to identify the connection between the two sets of coordinates on the surface. We have
which implies that
so that for any θ both p and q are determined.The outward normal for the spherical surface is n = r/r 0 , so that the required surface integral takes the form
where, as before, the integration over φ has been carried out analytically using the azimuthal symmetry. The approximate wave function ψ is expressed in the form X(p)Y (q) and
where
The form of the approximate wave function ψ(p, q) = X(p)Y (q) is discussed in the appendix ( and more details are given in [8] and [11] ). We have carried out calculations for H + 2 and HeH ++ in examples where R = r 0 . For the lowest states considered X(p) asymptotically decays for large radial distances. Thus X(p) will have an asymptotic factor exp(−αr) where α is real and positive. This is not strictly necessary when the system is confined other possibilities correspond to very strong confinement leading to positive energies and purely imaginary values of α [ 4 ] . The results are presented in tables 6 and 7 where the columns labelled E + denote that Y (q) is nodeless whereas the column labelled E − denotes a single node in Y (q). For H + 2 in table 6 the lower states have two kinds of approximate degeneracy. The symmetry under interchange of the two atoms leads to a classification of states in symmetric and antisymmetric states with respect to the intermolecular plane corresponding to the states E + and E − respectively. As the internuclear distance , R , increases the two atoms approach independent systems and for all states
For finite R this will correspond to approximate degeneracy and for the values considered only the lower states that decay more rapidly, show this property.
There is a second kind of approximate degeneracy for the lower states in each column for large r 0 . For sufficiently large r 0 compared with R the system approaches a spherical confinement where we can choose either the wave function or the normal derivative zero on the spherical surface. For any radial confinement the normal derivative is ∂ψ/∂r and if both this derivative and ψ are zero on the sphere , then from the Schrodinger equation we can deduce the the secondorder radial derivative is zero. Further radial differentiation of the Schrodinger equation shows that this implies all radial derivatives will be zero on the surface. A simple Taylor expansion along any radial path toward the origin then shows that ψ = 0 within the sphere. Thus the wavefunction and its derivative cannot both be zero on a sphere with finite radius. But for r 0 → ∞ the exponential decay ensures that both the wave function and derivative approach zero and the energy obtained from zeroing both the wave function and derivative becomes the same. For large but finite r 0 this leads to the approximate degeneracy shown in table 6 for the lower states and for larger confining radii all asymptotic decaying states will be paired in this way. The results for HeH ++ are presented in the same way in table 7 but here only the second approximate degeneracy is apparent since the system is not symmetric in the internuclear plane. The lowest energies are negative but eventually positive energies occur especially for the lower values of R. The energy expression for the two-centre problem is
where Z = 1 for H + 2 and Z = 2 for HeH ++ . Thus the positive energies can occur in two ways: when α is real but the factor in R −1 is such that the total energy is positive or when α is purely imaginary. There are only two values in tables 6 and 7 where the latter is the case and they are presented in italics. 
Conclusion
In this paper we have reconsidered the problem of confinement of atomic and molecular systems from first principles. In practice no system is isolated and the models used should reflect that there is a field acting upon the atomic or molecular systems. The usual models of confinement do not specify the field accurately and most models simply describe the effect of the confining field on some boundary. We make the same assumption but choose the zero of the outward flux on some general surface to be zero thereby confining the system within the surface. In the case of one-centre problems with spherical symmetry we present examples where the confining surface was elliptical and for two-centre problems, where the symmetry of the system is elliptical we use a spherical confining surface. The change of symmetry naturally involves more sophisticated calculations than simply choosing the wave function or its derivative zero on a surface with the same symmetry, but the examples illustrate that the theory can be applied for any closed surface enclosing the atomic or molecular system where a single valence orbital describes the asymptotic properties. However it may be possible to treat a set of parameterised valence orbitals, within the one electron approximation , but this will be a more difficult problem numerically.
APPENDIX
For the two-centred problems, with azimuthal symmetry we may separate the Schrödinger equation into a pair of equations, coupled through a constant C to be determined, in the independent variables p and q: d dp {(p 2 − 1) dX dp } + {−C − λ 2 (p 2 − 1) + R(µ a + µ b )p}X = 0 (40)
where λ = Rα, µ a , µ b are the charges on the two centres A and B. Essentially we may write
where x = 2R(p − 1). This ensures that for lower states and large R we have the same form of asymptotic behaviour as for the unconfined systems , but for higher states with positive energies, α may be purely imaginary.The coefficients c n satisfy the recurrence relation (n + 1) 2 c n+1 = { 1 2 (2n + 1)α − n(n + 1)
where t = µ a + µ b , c 0 = 1, c −1 = 0. The separation constant C = λ 2 − q is determined by solving Eq 41 approximately using a matrix eigenvalue problem. To do this we expand Y in the form Y = N n=0 a n P n (q)
where P n (q) is the Legendre polynomial of degree and q is an eigenvalue of the constructed matrix. This eigenvalue can be chosen according to the number of nodes in Y. Full details of the matrix elements are given in [8] .
Given the wave function ψ = X(p)Y (q) the integrations were carried out using a simple application of Newton's method and were completed in MAPLE. The truncation of the series for X, the order of the matrix for Y and the number of points in the integration process can all be adjusted to achieve a desired accuracy, but in practice, the accuracy of the model will be determined by the effect of the confining field.
